Let M be a closed Riemannian Spin-manifold of positive sectional curvature. By a theorem of Lichnerowicz the index of the Dirac operator of M vanishes. We show the vanishing of additional indices provided that the symmetry rank of M is ≥ 2 and the dimension of M is sufficiently large. These indices occur as coefficients in the expansion of the elliptic genus ϕ ell (M ) in one of its cusps. If one restricts to metrics with a prescribed lower bound on the symmetry rank the result may be used to exhibit simply connected manifolds which admit a metric of positive Ricci curvature but no metric of positive sectional curvature. 1
Introduction
Let M be a smooth closed connected Spin-manifold of dimension 4k. If M admits a metric with positive scalar curvature the associated Dirac operator is invertible as shown by Lichnerowicz in [27] . In particular, its indexÂ(M) vanishes.
Assume M carries a metric with positive sectional curvature (positive curvature for short). It is natural to ask whether the stronger assumption on the curvature of M implies stronger vanishing results. The main result of this paper asserts that the indices of certain twisted Dirac operators vanish if the symmetry rank of M, i.e. the rank of its isometry group, is ≥ 2 and the dimension of M is sufficiently large. These indices occur as coefficients in the expansion of the elliptic genus ϕ ell (M) in one of its cusps.
A special case is the following: Consider the Rarita-Schwinger operator of M, i.e. the Dirac operator twisted with the complexified tangent bundle T M C . Then the index of the Rarita-Schwinger operatorÂ(M, T M) vanishes provided that M admits a positively curved metric with symmetry rank ≥ 2 and the dimension of M is > 8 (see Theorem 1.1). We note that the bound on the dimension is necessary since the symmetry rank of the quaternionic projective plane HP 2 (with its standard metric) is three but the index of its Rarita-Schwinger operator does not vanish.
The vanishing result above as well as its generalization given below may be used to distinguish positive curvature from weaker curvature properties assuming a lower bound on the symmetry rank (see Theorem 1.3). For example, let M be the Riemannian product of HP 2 and a Ricci-flat K 3 -surface. The manifold M has symmetry rank > 2 and positive scalar curvature as well as non-negative Ricci curvature. One computes thatÂ(M, T M) does not vanish. Hence, if we restrict to metrics with symmetry rank ≥ 2 we conclude from the result above that M admits a metric with positive scalar curvature but no metric with positive curvature.
To put this example into perspective we remark that for positively scalar curved simply connected closed manifolds of dimension ≥ 4 the only known obstruction to the existence of a metric with positive curvature relies on Gromov's Betti number theorem and requires that the sum of Betti numbers of the manifold in question is rather large. In particular, we don't know whether the manifold M above admits a metric with positive curvature if one drops the condition on the symmetry rank.
Next we turn to the general case. Let M be a positively curved manifold. Assume the symmetry rank of M is ≥ 2r. Our main result (see Theorem 1.1) asserts that the indices of certain twisted Dirac operators vanish provided that the dimension of M is sufficiently large. These indices appear as the first r + 1 coefficients in the Fourier expansion of the elliptic genus in one of it cusps. The elliptic genus (of level 2)
is a graded ring homomorphism from the oriented bordism ring Ω SO * to the ring M * (Γ 0 (2)) of modular forms for
The latter is a polynomial ring M * (Γ 0 (2)) = C[δ, ǫ] with generators δ and ǫ of topological weight 4 and 8, respectively.
2
We describe the elliptic genus in terms of its expansion in a cusp. For a 4k-dimensional Spin-manifold M the Fourier expansion of ϕ ell (M) in one of the cusps of Γ 0 (2) (called theÂ-cusp) is given by the following series of indices of twisted Dirac operatorŝ
0 , where
HereÂ(M, E) denotes the index of the Dirac operator twisted with the complexified vector bundle E C and Λ t = Λ i · t i (resp. S t = S i · t i ) denotes the exterior (resp. symmetric) power operation. For more details see Section 2.
In the cusp considered above the generators have Fourier expansions of the form δ = − 1 8
2 and so on. For a Riemannian manifold N let symrank(N) denote its symmetry rank. We are now in the position to state the main result of this paper. We remark that some bound on the dimension is necessary since the symmetry rank of the quaternionic projective space HP 2r is > 2r and ϕ ell (HP 2r ) = ǫ r . The proof of Theorem 1.1 is given in Section 3. The idea is as follows. Assume ϕ ell (M) is not divisible by ǫ r+1 . We fix a 2r-dimensional torus T acting isometrically and effectively on the positively curved manifold M and consider the action of elements of T of finite order. As explained in Section 2 the Bott-Taubes-Witten rigidity theorem for the elliptic genus implies restrictions for the codimension of the fixed point manifold for these actions (in the case of involutions this was first observed by Hirzebruch and Slodowy in their investigation of the signature of homogeneous spaces). Further restrictions are imposed by the curvature since two totally geodesic submanifolds of a connected positively curved manifold must intersect if the sum of their dimensions is greater than or equal to the dimension of M. An analysis of these restrictions shows that T contains an involution σ and an S 1 -subgroup such that the fixed point manifold X := M σ is connected of codimension 4 and X S 1 is a connected submanifold of X of codimension 2. It follows from the soul theorem applied to the positively curved Alexandrov space X/S 1 that X is a sphere which in turn implies that the elliptic genus of M must vanish contradicting the initial assumption of the proof. Remarks 1.2.
1. Besides the examples due to Eschenburg (cf. [11] , [12] ) and Bazaikin (cf. [3] ) which are biquotients of dimension 6, 7 or 13 all known simply connected positively curved manifolds admit homogeneous positively curved metrics, i.e. metrics with positive curvature and transitive isometry group (the latter were classified by Wallach [35] and Bérard Bergery [4] ). All known simply connected positively curved manifolds in dimension divisible by 4 admit a positively curved metric with symmetry rank ≥ 2.
2. For a homogeneous Spin-manifold of dimension 4k Hirzebruch and Slodowy (cf. [22] ) showed that ϕ ell (M)/ǫ k/2 is equal to the signature sign(M) of M.
3. Grove and Searle (cf. [16] ) proved that the symmetry rank of a positively curved manifold M is ≤ [(dim M + 1)/2] with equality only if M is diffeomorphic to a sphere, a complex projective space, a real projective space or a lens space.
If one restricts to metrics with a suitable lower bound on the symmetry rank Theorem 1.1 may be used to exhibit simply connected manifolds which admit a metric of positive Ricci curvature but no metric of positive curvature. Before we give the precise statement we briefly recall topological implications of positive curvature for simply connected closed manifolds. The Betti number theorem of Gromov (cf. [15] ) asserts that with respect to every field the sum of Betti numbers of a non-negatively curved n-dimensional manifold is bounded from above by a constant depending only on the dimension of the manifold. The bound in [15] depends doubly exponentially on the dimension n. Abresch (cf. [1] ) has shown that the Betti number theorem holds for a bound C(n) depending exponentially on n 3 (C(n) may be chosen to satisfy exp(5n 3 +8n 2 +4n+2) ≤ C(n) ≤ exp(6n 3 +9n 2 +4n+4)). On the other hand Sha and Yang (cf. [33] ) constructed metrics with positive Ricci curvature on the k-fold connected sum of a product of spheres for every k ∈ N. By the Betti number theorem these manifolds do not admit positively curved metrics if k is sufficiently large. For simply connected manifolds with "small" Betti numbers (e.g. the sum is smaller than exp(n 3 )) no topological distinction between positive Ricci curvature and positive curvature is known (at least to the author).
More can be said if one restricts to positively curved manifolds with a lot of symmetry. The case of transitive actions was classified by Berger (cf. [5] , see also [36] ), Wallach (cf. [35] ) and Bérard Bergery (cf. [4] ). The case of cohomogeneity one actions was studied by Grove, Searle and others (cf. [17] , [31] ).
In contrast, very little is known about the topology of simply connected positively curved manifolds if one only assumes that the symmetry rank is positive. Hsiang and Kleiner studied this situation in dimension 4. Their main result (cf. [23] ) asserts that the Euler characteristic of a simply connected positively curved 4-manifold with positive symmetry rank is ≤ 3. Using Freedman's work [14] Hsiang and Kleiner conclude that the manifold is homeomorphic to the sphere S 4 or to the complex projective plane CP 2 . In particular S 2 × S 2 does not carry a positively curved metric with positive symmetry rank giving a partial answer to the Hopf conjecture (for related results cf. [32] ).
A consequence of the classification [23] is that some simply connected 4-manifolds with "small" Betti numbers (e.g. The manifold M may be chosen to have "small" Betti numbers (the sum of Betti numbers is less than C(n)). We like to stress that in the results mentioned right before Theorem 1.3 the dimension of the manifold is bounded from above by a constant depending on the symmetry rank. In contrast Theorem 1.1 and Theorem 1.3 require only a lower bound on the dimension of the manifold for a given symmetry rank. To prove the theorem above one applies Theorem 1.1 to suitable examples of manifolds with positive Ricci curvature (see Section 4 for details). Refining the argument it is possible to exhibit examples as in Theorem 1.3 with symmetry rank < 6 (see [9] ). This paper is structured in the following way. In the next section we recall the rigidity theorem for elliptic genera and discuss applications to cyclic actions. The proof of Theorem 1.1 is given in Section 3. In the final section we show Theorem 1.3.
Rigidity of elliptic genera
In this section we recall the rigidity theorem for elliptic genera and discuss applications to cyclic actions. For more information on elliptic genera we refer to [21] and [26] .
A genus ϕ is a ring homomorphism from the oriented bordism ring Ω SO * to a Q-algebra R (cf. [18] ). The genus is called elliptic (of level 2) if its logarithm g(u) is given by a formal elliptic integral
where δ, ǫ ∈ R (cf. [29] ). Equivalently one requires
Classical examples of elliptic genera are the signature (δ = ǫ = 1) and thê A-genus (δ = − 1 8 , ǫ = 0). Following Witten (cf. [37] ) we describe the universal elliptic genus of a manifold M as the "signature" of its free loop space LM. Recall that the ring of modular forms M * (Γ 0 (2)) is polynomial with generators δ and ǫ of topological weight 4 and 8, respectively. The corresponding elliptic genus ϕ ell : Ω SO * → M * (Γ 0 (2)) is universal since δ and ǫ are algebraically independent.
For a 4k-dimensional oriented manifold M the modular form ϕ ell (M) ∈ M 4k (Γ 0 (2)) has a Fourier expansion in the cusp i∞ (called the signature cusp) which is equal to the following series of twisted signatures
and
Here sign(M, E) denotes the index of the signature operator twisted with the complexified vector bundle E C . We note that C 4 ∞ is the Fourier expansion of ǫ. In particular, sign(q, LM) is the expansion of
. The series sign(q, LM) of twisted signatures is best thought of as the "signature" of the free loop space LM localized at the manifold M of constant loops (cf. [37] ).
The modular group Γ 0 (2) has two cusps represented by i∞ and 0. If M is Spin the Fourier expansion of ϕ ell (M) in the cusp 0 (theÂ-cusp) has also an interpretation in terms of twisted indices. To describe this expansion we need to interchange the cusps.
The matrix
acts on Γ 0 (2) via conjugation, interchanges the cusps via the transformation τ → − 1 2τ
of the upper half plane and induces an involution :
. With respect to this change of cusps the Fourier expansion of F ∈ M * (Γ 0 (2)) in the cusp 0 is defined to be the Fourier expansion of F in i∞.
If M is Spin the Fourier expansion of ϕ ell (M) in theÂ-cusp may be identified with a series of indices of twisted Dirac operators (twisted Diracindices for short)
where C 0 := n=2m>0 (1−q n ) 2 n=2m+1>0 (1−q n ) 2 . We note that q · C 4 0 in the expansion of ǫ in this cusp.
The main feature of the elliptic genus is its rigidity under actions of compact connected Lie groups. The rigidity was explained by Witten in [37] using heuristic arguments from quantum field theory. Soon afterwards Taubes and Bott-Taubes gave a rigorous proof (cf. [34] , [6] , cf. also [20] , [28] ).
Assume M carries an action by a compact Lie group G preserving the Spin-structure. Then the indices occurring in both Fourier expansions of ϕ ell (M) refine to virtual G-representations which we identify with their characters.
Rigidity Theorem 2.1 ( [34] , [6] ). If G is connected then each twisted signature, resp. each twisted Dirac-index, occurring as coefficient in the Fourier expansion of ϕ ell (M) in the cusp i∞, resp. in the cusp 0, is constant as a character of G.
In the remaining part of this section we discuss results concerning cyclic actions which are consequences of the rigidity theorem. These results are used in the proof of Theorem 1.1.
Assume S
1 acts on the Spin-manifold M (not necessarily preserving the Spin-structure) and let σ ∈ S 1 be the element of order 2. We denote by M σ • M σ the transversal self-intersection of the fixed point manifold M σ . Using the rigidity theorem Hirzebruch and Slodowy showed (cf. [22] ) that
This formula generalizes the classical identity sign(M) = sign(M σ • M σ ) (cf. [19] , [24] ) which holds for oriented manifolds. Note that formula (1) gives information on the codimension of the connected components of M σ not captured by the corresponding identity for the signature. Let codim M σ denote the minimal codimension of the connected components of M σ in M. Formula (1) implies the following generalization of the Atiyah-Hirzebruch vanishing theorem [2] for theÂ-genus.
Theorem 2.2 ([22]). Let M be a Spin-manifold with S
1 -action and let σ be the element of order two in
Recall that the S 1 -action is called even if it lifts to the Spin-structure. Otherwise the action is called odd. In the even case the codimension of all fixed point components of M σ is divisible by 4 whereas in the odd case the codimensions are always ≡ 2 mod 4 (cf. [2] , Lemma 2.4). Note that for an odd action the elliptic genus must vanish since in this case ϕ ell (M) ∈ C[δ, ǫ] is also an element of √ ǫ · C[δ, ǫ] by formula (1).
Corollary 2.3. Let M be a Spin-manifold with S 1 -action. If the action is odd then ϕ ell (M) vanishes identically.
Next we recall from [8] some applications of the rigidity theorem to cyclic actions. Let M be a Spin-manifold with S 1 -action and let σ ∈ S 1 be of order o ≥ 2. At a connected component Y of the fixed point manifold M S 1 the tangent bundle T M splits equivariantly as the direct sum of T Y and the normal bundle ν. The latter splits (non-canonically) as a direct sum ν = k =0 ν k corresponding to the irreducible real 2-dimensional S 1 -representations e i·θ → cos kθ sin kθ − sin kθ cos kθ , k = 0. We fix such a decomposition of ν. For each k = 0 fix α k ∈ {±1} such that α k k ≡k mod o,k ∈ {0, . . . , [ To prove this result one analysis the expansion of the equivariant elliptic genus in theÂ-cusp using the Lefschetz fixed point formula and the rigidity theorem (see [8] for details). Since codim M σ ≤ 2o · m o Theorem 2.4 implies the following corollary which generalizes Theorem 2.2 to cyclic actions of arbitrary finite order. 
Positive curvature and symmetry
In this section we give the proof of Theorem 1.1. Proof: Let F ′ be a connected component of M σ different from F min . Note that F min and F ′ are totally geodesic submanifolds with empty intersection. By Frankel's result dim
The main topological ingredient is the rigidity theorem for elliptic genera and its applications to cyclic actions given in Section 2. Our focus will be on cyclic actions of order a power of 2. For further reference we point out the following consequence of Theorem 2.4. Proof of Theorem 3.1: Assume the elliptic genus ϕ ell (M) is not divisible by ǫ r+1 . The proof involves the following steps. Let T denote a fixed torus of rank 2r acting isometrically and effectively on M. In the first step we show that for every involution of T the fixed point manifold is connected of codimension ≤ 4r. In the next step we show that T contains an S 1 -subgroup such that M S 1 is connected of codimension 4. In the final step we show that for some involution σ of T the fixed point manifold X := M σ is connected of codimension 4 and X S 1 is connected of codimension 2 in X. It follows from the soul theorem applied to the positively curved Alexandrov space X/S 1 that X is a sphere. We use this information to conclude that the elliptic genus of M must vanish contradicting the initial assumption of the proof. Here are the details:
Since ϕ ell (M) = 0 the dimension of M is divisible by 4. Thus dim M = 4k ≥ 12r. We fix a metric with positive curvature and symmetry rank ≥ 2r. Let T denote a 2r-dimensional torus acting effectively and isometrically on M. The T -action has a fixed point pt. This follows either from ϕ ell (M) = 0 by the Lefschetz fixed point formula (see for example [21] and references therein) or from the positive curvature assumption by Berger's fixed point theorem (cf. [25] ). The tangent space T pt M of M at pt decomposes (non-canonically) into 2k complex one-dimensional T -representations
We describe the action of T at pt in terms of the induced homomorphism of integral lattices h : I T → Z 2k (here I T ∼ = Z 2r and Z 2k denote the integral lattices of T and U (1) 2k , respectively). Note that the mod 2 s reduction h s :
2k of h is injective for every s ≥ 1 since the T -action is effective.
It is an elementary fact from linear algebra that h(I T ) ⊂ Z 2k admits a basis c 1 , . . . , c 2r such that the matrix A = Step 1: We show that for every involution σ ∈ T the fixed point manifold M σ is connected of codimension ≤ 4r. This will follow from the following claim:
• For the involution σ i ∈ T corresponding to c i (σ i acts on T pt M by exp(c i /2) ∈ U(1) 2k ) the component of M σ i which contains the T -fixed point pt has codimension 4, i.e. c i has two odd entries.
• The involution i σ i acts trivially on each representation space R i , i > 2r, i.e. each of the last 2k − 2r columns of A has an even number of odd entries.
• The 2-torus of T acts non-trivially on at most r of the representation spaces R 2r+1 , . . . , R 2k , i.e. at most r of the last 2k − 2r columns of A are non-zero modulo 2.
To prove the claim first note that by Theorem 2.2 and Corollary 2.3 for every involution σ ∈ T the fixed point manifold M σ has codimension ≤ 4r and the dimension of each connected component of M σ is divisible by 4. Since the dimension of M is ≥ 8r it follows from Lemma 3.2 that for every connected component F ⊂ M σ either codim F ≤ 4r or dim F ≤ 4r − 4. For the binary linear code C 1 := im(h 1 ) ⊂ Z 2k 2 we conclude that each code word σ ∈ C 1 has either weight 4 wt(σ) ≤ 2r or co-weight cowt(σ) := 2k − wt(σ) ≤ 2r − 2. In particular, the mod 2 reduction of c i , denoted by σ i , has weight wt(σ i ) ≤ 2r. Since the weight function is sublinear, i.e. wt(σ + σ ′ ) ≤ wt(σ) + wt(σ ′ ), and 2k ≥ 6r it is easy to see that the subset of code words with weight ≤ 2r is closed under addition. Hence wt(σ) ≤ 2r for every σ ∈ C 1 . In particular this inequality holds for j σ j and j =i σ j which implies wt(σ i ) = 2 (i.e. c i has two odd entries) and implies that each of the last 2k − 2r columns of A has an even number of odd entries. Finally note that if l of the last 2k − 2r columns of A are non-zero modulo 2 then the weight of some code word is ≥ 2l. Hence l ≤ r. This completes the proof of the claim.
The claim above implies that for every involution σ ∈ T and every Tfixed point the connected component of M σ which contains the fixed point has codimension ≤ 4r ≤ 
2k . By the discussion above for each code word of C s+1 either the number of entries ≡ 2 s mod 2 s+1 is ≤ 2r − 1 or the number of entries ≡ 0 mod 2 s+1 is ≤ 2r − 2. By inspecting the mod 2 s+1 reductions of c 2r and c 2r + 2 s · i c i it is not difficult to see that the mod 2 s+1 reduction of c 2r has only two non-zero entries. In other words C s+1 ⊂ S 1 acts trivially on the tangent bundle of M Cs at the T -fixed point pt. Thus M C s+1 = M Cs and M C s+1 is connected of codimension 4.
Step 3: We first show that for some involution of T the fixed point manifold is a sphere of codimension 4. Recall from the first step that there exists a row c i of A, i < 2r, such that c i and c 2r have an odd entry in the same column, i.e. the involutions σ i and σ 2r of T induced by c i and c 2r , respectively, act by −id on some representation space R j . Recall also from the first step that X := M σ i is connected of codimension 4. Consider again the S 1 -subgroup of T which corresponds to c 2r . By the first two steps X S 1 has codimension 2 in X. Since M S 1 ⊂ M is connected of codimension 4 the action of S 1 on X cannot have an isolated fixed point. Hence X S 1 must be connected by Lemma 3.2.
Note that X has positive curvature and S 1 acts isometrically on X. The quotient Y := X/S 1 is a positively curved Alexandrov space (in distance comparison sense) with totally geodesic boundary. Using the Cheeger-Gromoll soul theorem (cf. [7] ) adapted to the Alexandrov space Y (cf. [30] ) Grove and Searle showed in [16] that X must be a sphere, a complex projective space, a real projective space or a lens space (see [23] for the argument in dimension 4). In our situation the even dimensional manifold X is orientable as shown in [10] and reproved in [6] . Hence X cannot be a lens space. It is well-known that a non-trivial S 1 -action on a complex projective space has more than one connected fixed point component. Thus X must be a sphere.
Since X is a sphere of codimension 4 and dim M > 8 the Euler class of the normal bundle ν of X ⊂ M is trivial. Hence ν admits a no-where vanishing section. By formula (1) this implies that the expansion of the elliptic genus of M in the signature cusp must vanish. Thus ϕ ell (M) = 0 contradicting the initial assumption of the proof.
Recall that the elliptic genus degenerates to the signature for δ = ǫ = 1. A straight forward application of Theorem 3.1 gives 
Ricci versus sectional curvature
In this section we use Theorem 1.1 to exhibit manifolds with "small" Betti numbers which admit metrics of positive Ricci curvature but do not admit metrics with positive curvature under a prescribed lower bound on the symmetry rank. 2. M does not admit a metric g with positive curvature and symmetry rank ≥ 2r.
